Specification

state space memory int; (0,..20); char; rat
state memory contents —2; 15; "A"; 3.14
prestate 1nitial state O = 00,01,02,03 =1, N, C, X
poststate final state o = 00,0'1;02:03=1:;n";c ;X
addresses low level 0,1,2,3
state variables high level i,n,c, X
initial values i,n,c, X
final values i, n,c, X
For now: prestate, poststate

Later: time (termination = finite time), space, interaction, communication, ...
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Specification

specification of computer behavior: a boolean expression

in variables o and o’
We provide a prestate as input.

A computation satisfies a specification by computing a satisfactory poststate as output.

The given prestate and computed poststate must make the specification true.

2/64



Specification

specification of computer behavior: a boolean expression

in the initial values x, y, ... and final values x', y', ... of some state variables

We provide initial values as input.
A computation satisfies a specification by computing satisfactory final values as output.

The given initial values and computed final values must make the specification true.
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Specification

Specification

Specification

Specification

Specification

Specification

Specification
s is unsatisfiable for prestate o
S is satisfiable for prestate o
S is deterministic for prestate o :

S is nondeterministic for prestate O :

S is satisfiable for prestate o

S is implementable:

¢80’ S)

¢(§0™ S)

¢(§0™ S)

¢80’ S)

d0'- S

Yo -do'- S

v

IA
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Specification

examples
X'=x+1 Ay =y implementable, deterministic
x'>x implementable, nondeterministic
T implementable, extremely nondeterministic
1 unimplementable, overly deterministic
x=0 A y'=0 unimplementable, overly deterministic
x=0 = y'=0 implementable, nondeterministic
ok = o'=0 = X=xAy=yna..
xi=e = o' = o <address "x"> e = X=eAy=yna..
X:=Xx+y = xX'=x+y A y'=y

if x=y then x:= x+y else x'+y’ =3
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dependent composition

SR = X',y .. (substitute x",y", ... for x',y’,... in §)

A (substitute x'',y", ... for x,y,... in R)

In integer variable x

x'=x v x'=x+1 . x'=x v x'=x+1

= dx"- ('=x v x'=x+1) A (xX'=x" v x'=x""+1) distribute A over v
= dx''- xX'=x A xX'=x"" v x""=x+1 A x'=x"
v X"'=xAX'=x"+1 v x'"=x+1 A X'=x"+1 distribute 3 over v

Ax" x"'=x A xX'=x") v (Ax" x'"=x+1 A x'=x"

v (Ax" x'=x A x'=x"+1) v (3x" x''=x+1 A X'=x"+1) One-Point Law 4 times

x'=x v x'=x+1 v x'=x+2
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dependent composition

SR = X',y ..

In integer variable x

(substitute x",y", ... for x',y’, ...

A (substitute x",y", ... for x,y, ...

x'=x v x'=x+1 . x'=x v x'=x+1

X X
0—0
1—1
2—2
3—3

A
0—0
1—1
2 —2
3—3
4 —4

Hx/l.

1
W N

Y

n

S)

in R)

X

0

—_—

X

b B~ W DN
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dependent composition

SR = X',y .. (substitute x",y", ... for x',y’,... in §)

A (substitute x'',y", ... for x,y,... in R)

In integer variables x and y

x:=3. yi=x+y eliminate assignments first
= X'=3 Ay'=y. X'=x A y'=x+y then eliminate dependent composition
= A",y int X'=3 Ay =y A X=X A y'=X+y use One-Point Law twice

xX'=3 Ay =3+y
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specification laws

ok.P =

P.(0.R)

P.ok = P

= (P.0O).R
if b then PelseP = P

if b then P else O = if —=b then Q else P

P = ifbthen b= Pelse -b= P

if bthen Selse R = bAS v =-bAR

if bthen Selse R = (b=5) A (-b=R)

PvQO.RvS

= (P.R)v(P.S5V(O.R)Vv (O.S)

(if b then P else O)AR = if b then PAR else OAR

(if b then P else Q). R = if b then (P. R) else (O. R)

x:=if b then e else f = if b then x:= ¢ else x:=f

x:=e.P

(for x substitute e in P)

Identity Law
Associative Law
Idempotent Law
Case Reversal Law
Case Creation Law
Case Analysis Law
Case Analysis Law
Distributive Law
Distributive Law
Distributive Law
Functional-Imperative Law

Substitution Law
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substitution law

x:=e.P = (for x substitute ¢ in P)
x=y+l. y>x" = y>x
x=x+l. y>xAax>x = y>x+1 A X' >x+1

x=y+l. y'=2xx = y' =2x(y+1)
x=1. x=z1l=3dx y=2xx = Izl=dx y ' =2xx = eveny'
x=y. x=1=3y y'=xxy = xi=y. x=1 = dk y' = xxk

= y=1 = Jdk y' = yxk

x=1. 0k = x=1. X'=xany=y = x'=1ay=y

x=1. y=2 = xi=1. xX'=xAy'=2 = x'=1Ary'=2
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substitution law

x:=e.P = (for x substitute ¢ in P)

x=1. y:=2. xi=x+y

xi=1. yi=2. xX'=x+y A y'=y

x=1. xX'=x+2 A y'=2

x'=3ny'=2

x=1. x'>x. X' =x+1

x'>1. x'=x+1

A",y A>T A X =x""+1

dx'- x'>1 A X' =x"+1

dx" x''>1 A X' =x'-1

x-1>1

!

x'>2
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Refinement

Specification P (the problem) is refined by specification § (the solution)
if and only if P is satisfied whenever § is satisfied.

Yo,o0'r P<=S
xX'>x <= x'=x+l Ay=y = xi=x+1

x'<sx <= ifx=0then x'=xelse x'<x = x=0Ax'=x v x+0 A x'<x

xX>y'>x <= y=x+1. xi=y+1

= y:=x+1. x'=y+1 A y'=y

X'=x+2 A y'=x+1
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condition: specification that refers to (at most) one state

initial condition, precondition: refers to (at most) the initial state (prestate)

final condition, postcondition: refers to (at most) the final state (poststate)

exact precondition for P to be refined by S: Vo' P<S

exact postcondition for P to be refined by §: Vo P<=S

sufficient = exact = necessary
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(the exact precondition for x">5 to be refined by x:=x+1)

Vi’ x'>5 <= (x:= x+1)

Vx's x'>5 <= x'=x+1 One-Point Law

x+1>5

x>4
>4 = x'>5 <= xi=x+1
one-point laws

dv-v=e A P = (replace v with e in P)

Vv-v=e=P = (replace v with ¢ in P)
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(the exact postcondition for x>4 to be refined by x:=x+1 )

Vx x>4 < (x:= x+1)

Vx x4 < x'=x+1

Vx x>4 <= x=x'-1 One-Point Law

x'-1>4

x'>5

xX>5= x>4 < x:=x+1

x<4 = x'<s5 <= x:=x+1

contrapositive law
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condition laws
CArP.Q) <= CAP.Q
C=(P.0) <= C=P.Q
(P.O)AC < P.QAC
(P.O)<=C < P.Q<C
P.CAQ <= PAC.Q

P.0 < PAC.C=0Q

precondition law

C 1is a sufficient precondition for P to be refined by S

if and only if C=P isrefined by § .

postcondition law
C' is a sufficient postcondition for P to be refined by S

if and only if C'=P isrefined by S .
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A Program is an implemented specification.

ok booleans
x=e numbers
if b then P else QO characters
P.O lists

An implementable specification that is refined by a program is a program.

Recursion 1s allowed.

x>0 = x'=0 <= if x=0 then ok else (x:= x—1. x=0 = x'=0)
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refinement by steps
If A<= ifbthenCelseD and C<<F and D<= F,
then A < if b then E else F .
If A<= B.C and B<D and C<<=FE ,then A < D.E.

If A<<B and B<=C ,then A <= C.

refinement by parts
If A<= if bthen Celse D and E <= if b then F else G ,
then ANE < if b then CAF else DAG .
If A<= B.C and D < E.F ,then AND <= BAE.CAF .

If A<<B and C < D ,then ANC <<= BAD.

refinement by cases
P < if b then O else R

if and only if P<=bAQ and P < -b AR
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List Summation

List of numbers L ; number variable s .
s'=2L < 5:=0. n:=0. s'=s+2 L [n;.#L]
s'=s+2L[n.H#L] <
if n=#L then n=#L = s'=s+ 2 L [n;.#L]
else n+#L = s'=s+2 L [n;. #L]

n=#L = s'=s+2ZL|[n;,. #L] < ok

nt#lL = s'=s+2Z L[n;. #L] < s:=s+Ln. ni=n+l. s'=s+2 L [n;.#L]
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compilation
s:==0. n:=0. B
if n=#L then C else D
ok

S A % »
Tt

s:i=s+Ln. n=n+l1. B

Refinement by Steps = in-line macro-expansion

B < if n=#L then ok else (s:= s+Ln. n:=n+1. B)

translation
void A(void) {s =0; n=0; B();}

void B(void) {if (n==sizeof(L)/sizeof(L[0])); else {s+=L[n]; n++; B();}}

s=0; n=0;

B: if (n==sizeof(L)/sizeof(L[0])); else {s+=L[n]; n++; goto B;}
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Binary Exponentiation

Given natural variables x and y , write a program for y' = 2x .

y'=2% < if x=0 then x=0 = y'=2r else x>0 = y'=2x
x=0=y'=2x <= y:=1. x1=3

>0 =y'=2xr <= x>0 = y'=2x1 y=2xy

>0 = y'=2x1 <= x'=x—1. y'=2x

y'=2xy <= yi=2xy. xi=5

X'=x-1 <= xi=x-1. y:=7
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Binary Exponentiation

Given natural variables x and y , write a program for y' = 2x .

if x=0 then B else C
yi=1. x:=3

D. E

F. A

yi=2xy. x:=15

W & T O W o>
L O I

x=x—1. y:=7

>
f

if x=0 then (y:=1. x:=3) else (x:=x—1. y:=7. A. y:=2xy. x:=95)

int x, y;
void A (void) {if (x==0) {y=1; x=3;}else {x=x-1; y=7; A(); y=2%y; x=5;}}
x=5; AQ); printf ("%i", y);
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Time

O = 1;X;9y; ..

state = time variable; memory variables
¢ 1s the time at which execution starts

t' is the time at which execution ends

t,t': xnat or xint or xrat or xreal

Specification S is implementable if and only if

Yo - 0" S A =t
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real time

t:= t+(the time to evaluate and store ¢ ). x:i=e
t.= t+(the time to evaluate b and branch). if b then P else QO

t:= t+(the time for the call and return). P

'=t+fo

'<t+fo

'zt+fo
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real time

P <= t:=1t+1. if x=0 then ok else (r:=t+1. x:==x-1.t:=t+1. P)

1s a theorem when

x'=0

if x>0 then #'=t+3xx+1 else t'=x

if x>0 then x'=0 A '=r+3xx+1 else '=x

Y vv T

x'=0 A if x>0 then ¢'=+3xx+1 else #'=x
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recursive time

J Each recursive call costs time 1.

J All else 1s free.

P < if x=0 then ok else (x:=x-1. t:=t+1. P)
1s a theorem when

x'=0

if x>0 then '=r+x else t'=x

if x>0 then x'=0 A '=t+x else '=x

Y vv T
1

x'=0 A if x>0 then '=t+x else t'=x

Recursion can be direct or indirect.

In every loop of calls, there must be a time increment of at least one time unit.
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Prove R <= ifx=I1 then ok else (x:=divx?2. t:=t+1. R)
where R = x'=1 anif x=1 thent <1+ log x else t'=o

= xX'=1 A=l = '<t+log x) A (x<] = t'=x)

use Refinement by Parts; prove:

x'=1 <= if x=1 then ok else (x:=divx 2. t:=t+1. x'=1)

x=1 = t'<t+logx < ifx=1thenokelse (x:=divx2. t.=t+1. x=1 =1 <t + log x)

x<l = t'=0 < if x=1 then ok else (x:=div x 2. t:=t+1. x<l = {'=)
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Prove R <= ifx=I1 then ok else (x:=divx?2. t:=t+1. R)
where R = x'=1 anif x=1 thent <1+ log x else t'=o

= xX'=1 A=l = '<t+log x) A (x<] = t'=x)

use Refinement by Parts and Cases; prove:

x'=1 <= x=1 A0k

x'=1 <= xFlAG=divx2. t:=1t+1. x'=1)

x=1 = t'<t+logx < x=1 A o0k

x=1 = t'<t+logx <= x¥1 A(xi=divx2. t.=t+1. x=1 = <t + log x)

x<]l = =0 < x=1 A 0k

x<l = =0 <= xFl A (xi=divx2. t=t+1. x<1 = t'=x)
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(x=1 = t'<t+logx < x=1AXx'=xAt'=t)
(1z1 = ¢t <t+logl < x=1 AXx'=xnAt=t)
( T < x=1 A x'=x A t'=0)

T

context x=1 and =t
simplify

base law
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(x=1 = t'<t+logx <= x¥1lA(divx2=z1 = ' <t+1+log (div x 2)))

portation

xFIAdivx2=1 = t'<t+1+1log (divx2)ax=l = t<t+logx

simplify
>lA@>l = f<t+1+log(divx2) = t'<t+logx discharge
x>1 A t'<t+1+1log(divx2) = t <t+logx portation

»>1 = ({'<t+1+1log(divx2) = ' <t+logx)

Connection Law f<a=t<b < a<b

x>1 = t+1+1log(divx2) < t+logx subtract r+1 from each side
x>1 = log (divx?2) < logx—1 property of log
x>1 = log (divx?2) < log (x/2) log 1s monotonic for x>0
divx 2 <x/2

T
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(x<l = =0 <= x=1 A x'=x A '=1)
x<l Ax=1 A X'=x A I'=t = (=
1l = Z’:OO

T

portation
generic, base

base
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(x<l =t=0 <= x¥1 A (divx2<]l = t'=x))
x<IAxFlA(divx2<]l = '=x) = (=
x<l A f'=0 = (=

T

portation
discharge

specialization
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Termination

xX'=2 <= t=t+1. x'=2

complain only if x'=+2

x'=2 A t'<w

unimplementable

X'=2 A (1< = '<0) <= r=1+]. x'=2 A (<0 = '<®)

complain only if x'+2 v t<%© A t'=00
Y22 A fstrl <= p=rl. X=2 A rstl X

xX'=2 A<+l <= x:=2

33/64



Linear Search

Find the first occurrence of item x 1in list L . The execution time must be linear in #L .

- x:L(0,..h) A~ (Lh'=xv h'=#L)

’ ’
O <— x is not in this part%h’ #L
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Linear Search
Find the first occurrence of item x in list L . The execution time must be linear in #L .
-x:L0,.h) n (Lh'=xv h'=#L) < h:=0. h<#fL = - x: L (h,.h') A (Lh'=xv h'=#L)

h<#lL = - x: L (h,.h') A (Lh'=xv h'=#L) <=

if h=#L then ok else h<#L = - x: L (h,.h') A (Lh'=x v h'=#L)

h<#L = - x: L (h,.h') A (Lh'=xv h'=#L) <=

if Lh=x then ok else (h:= h+1. h<#L = - x: L (h,.h') A (Lh'=x v h'=#L))
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Linear Search
timing
' <t+#l <= hi=0. h=<#L = t <t+#L—h
h<#l = t <t+#L-h <= if h=#L then ok else h<#L = t < t+#L—-h

h<#L = t' <t+#L-h <= if Lh=x then ok else (h:= h+1. t:=t+1. h<#L = < t+#L-h)

hi=h+1. t:=t+1. h<#L = t <t+#lL—-h substitution law
= h:=h+1. h<#l = t <t+1+#L-h substitution law
= h+1<#l = t <t+1+#L-h-1 simplify

h<#lL = t <t+#L-h
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Linear Search

Find the first occurrence of item x in list L . The execution time must be linear in #L .
nonempty/‘
-x:L0,.h) n (Lh'=xv h'=#L) < h:=0. h<#fL = - x: L (h,.h') A (Lh'=xv h'=#L)
<t
h<#lL = - x: L (h,.h') A (Lh'=xv h'=#L) <=

if h=#L then ok else h<#L = - x: L (h,.h') A (Lh'=x v h'=#L)

h<#L = - x: L (h,.h') A (Lh'=xv h'=#L) <=

if Lh=x then ok else (h:= h+1. h<#L = - x: L (h,.h') A (Lh'=x v h'=#L))
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Binary Search

Find an occurrence of item x in nonempty sorted list L .
The execution time must be logarithmic in #L .
(x: L0,.#L) = p' = Lh'=x) < hi=0. ji=#L. h<j=R
h<j= R < if j—h =1 then p:= Lh=x else j-h=2 = R
j-h=2 =R < j-h=2 = h'=h<i'<j=].
if Li<x then h:=i else j:=i.
h<j= R

—h=2 = W=h<i'<j=j < i:=div (h+))2

Define R = (x: L (h,.j) = p' = Lh' =x)

% search in here H
I I I I I

| | | | |
0 h i j #L
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T < h=0.jj=#L. U

U < ifj-h=1thenp:=Lh=xelseV

V <= i=div(ht)) 2.

if Li<x then h:=i else j:=i.

t=t+1. U

12345678910 11 12 13 14 15 16 17 18
0122333344 4 4 4 4 4 45 5

= ' <t+ceil (log (#L))

= h<j=1t <t+ ceil (log (j—h))

V. = jh=2 =1t <t+ ceil (log (j-h))

39/64



Three Levels of Care

highest write all specifications

prove all refinements (an automated theorem prover can help)

middle write all specifications

but don't prove the refinements (just argue them informally)
lowest don't bother with specifications

don't bother with refinements

just write code
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Fast Exponentiation

Given rational variables x and z and natural variable y , write a program for z' = xy that
runs fast without using exponentiation.

7=xy <= zi=1. 7/ =zxxy

Proof: z=1. 7 =zxxy Substitution Law

— 7= 1xxy 1 is identity for x

!

=Xy
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Fast Exponentiation

Given rational variables x and z and natural variable y , write a program for z' = xy that
runs fast without using exponentiation.
7=xy <= zi=1. 7' = z2xxy

7 =zxxy < if y=0 then ok else y>0 = 7' = zxxv

Proof: y=0 A ok expand ok
— y=0 A X'=x A Y=y A 7'=Z specialize, 1 is identity for x
= y=0 A 7' = zx1 x0=1
= y=0 A 7' = zxx0 context y=0 and specialize

= 7 = 7xxy
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Fast Exponentiation

Given rational variables x and z and natural variable y , write a program for z' = xy that
runs fast without using exponentiation.
7=xy <= zi=1. 7' = z2xxy

7 =zxxy < if y=0 then ok else y>0 = 7' = zxxv

v0=7=z2xxv <= z=zx. yi=y-1. 7' =zxxy

Proof: (>0=7 =zx0v < zi=zxx. yi=y—1. 7' = zxxv) portation
= 7 =720y <= y>0 A (zi=z2xx. yi=y-1. 7' = zxx) Substitution Law twice
= 7 =zxxy = y>0 A 7' = zxaxxy-1 Law of Exponents
= 7 =700 <= y>0 A 7' = zxw specialize

T
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Fast Exponentiation

Given rational variables x and z and natural variable y , write a program for z' = xy that
runs fast without using exponentiation.
7=xy <= zi=1. 7' = z2xxy

7 =zxxy < if y=0 then ok else y>0 = 7' = zxxv

V>0 =7 =z < z=peyp=y—t—gl=zxxy
if even y then even y A y>0 = 7' = zxxy else odd y = 7' = zxxy
even y A y>0 =7 =y <= xi=xxx. yi=y/2. 7' = zxxy
Proof: (eveny A y>0=7 =2xy <= xi=xxx. y:=y/2. 7' = z7xxV) portation

= =29 <= eveny A y>0 A (x:=xxx. y:=y/2. 7' =zxxy) Substitution Law twice

7 =2 <= eveny A y>0 A 7' = zx(xxx)y2 Law of Exponents

=2y <= eveny A y>0 A 7' =z7xxy specialize

T
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Fast Exponentiation

Given rational variables x and z and natural variable y , write a program for z' = xy that
runs fast without using exponentiation.
7=xy <= zi=1. 7' = z2xxy

7 =zxxy < if y=0 then ok else y>0 = 7' = zxxv

>0 =7 =720y & zEmayp=y—t—F=rxy
if even y then even y A y>0 = 7' = zxxy else odd y = 7' = zxxy
even y A y>0 =7 =y <= xi=xxx. yi=y/2. 7' = zxxy

oddy= 7 =7xy < zi=zxx. y:i=y-1. 7' = zxxy
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Fast Exponentiation

Given rational variables x and z and natural variable y , write a program for z' = xy that
runs fast without using exponentiation.
7=xy <= zi=1. 7' = z2xxy

7 =zxxy < if y=0 then ok else y>0 = 7' = zxxv

>0 =7 =720y & zEmayp=y—t—F=rxy
if even y then even y A y>0 = 7' = zxxy else odd y = 7' = zxxy
eveny A y>0 =7 =0y <= xi=xxx. yi=y/2. =z y>0 = 7' = 200

oddy= 7 =7xy < zi=zxx. y:i=y-1. 7' = zxxy
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Fast Exponentiation

Given rational variables x and z and natural variable y , write a program for z' = xy that
runs fast without using exponentiation.
7=xy <= zi=1. 7' = z2xxy

7 =zxxy < if y=0 then ok else y>0 = 7' = zxxv

>0 =7 =720y & zEmayp=y—t—F=rxy

if even y then even y A y>0 = 7' = zxxy else odd y = 7' = zxxy
eveny A y>0 =7 =0y <= xi=xxx. yi=y/2. =z y>0 = 7' = 200
oddy =7 =7xxy < zi=z2xx. y:i=y-1. g==zxxy even y = 7' = 7xx¥

eveny =7 =zxxy <= if y =0 then ok else even y A y>0 = 7' = zxxy
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Fast Exponentiation

Given rational variables x and z and natural variable y , write a program for z' = xy that
runs fast without using exponentiation.
7=xy <= zi=1. 7' = z2xxy
7 =70y <=  ify=0-thenokelse>0-=z=zxx>

if even y then even y = 7' = zxxv else odd y = 7' = zxxy
>0 =7 =720y & zEmayp=y—t—F=rxy

if even y then even y A y>0 = 7' = zxxy else odd y = 7' = zxxy

eveny A y>0 =7 =0y <= xi=xxx. yi=y/2. =z y>0 = 7' = 200
oddy =7 =7xxy < zi=z2xx. y:i=y-1. g==zxxy even y = 7' = 7xx¥

eveny =7 =zxxy <= if y =0 then ok else even y A y>0 = 7' = zxxy
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eveny A y>0 = 7' =zxxy <= xi=xxx. y:i=y/2. ti=t+1. y>0 = 7' = zxxy

y=0123456728910 11 12 13 14 15 16 17 18
f-t=00112222333 33 3 3 3 4 4 4
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eveny A y>0 = 7' =zxxy <= xi=xxx. y:i=y/2. ti=t+1. y>0 = 7' = zxxy

if y=0 then ¢'=t else ' = 1 + floor (log y)

if y=0 then r'=relse ' <t + log y
50/64



fib 0
fib 1

Fibonacci Numbers

0
1

fib (n+2) = fib n + fib (n+1)

fib

fib

0—0 | 1—=1 | (n: nat+2 — fib(n-2) + fib(n-1))

(n: nat — if n<2 then n else fib(n-2) + fib(n—1))
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Fibonacci Numbers
xX'=fibn < x'=fibn A y =fib(n+l) = P

P < ifn=0then (x:=0. y:=1)else (n:=n-1. P. x'=y A y'=x+y)

we have these

S A A A

~ %

y
|
frrrrrrrro
T/T!
X'y

we want these
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Fibonacci Numbers
xX'=fibn < x'=fibn A y =fib(n+l) = P
P < if n=0then (x:=0. y:=1) else (n:=n-1. P. xX'=y A y'=x+y)

X'=sy A Y=x+y <= ni=x. xi=y. yi=n+y

t'=t+n < if n=0 then (x:=0. y:=1) else (n:=n-1. t:=t+1. t'=t+n. '=r)

f'=st < ni=x. x1=y. y:=n+y
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Fibonacci Numbers

fib(2xk+1) = fib k 2 + fib(k+1) 2
fib(2xk+2) = 2 x fib k x fib(k+1) + fib(k+1) 2

P < ifn=0then (x:=0. y:=1)
else if even n then even n A n>0 = P
else odd n = P
oddn=P < n=m-1)2. P. X' =x2+y2 A y =2xxxy + 2

evenn An>0=P < n=n2-1. P. X' =2xxxy+y2 A Y =x2+y2+4+ X

X'=x2+y2 Ay =2xxxy+y2 <= ni=x. xi=x2 4+ y2, yi=2xnxy + y2

X' =2xxxy+y2 A yV=x2+y2+x" <= ni=x. x:=2xxxy+ Y2, yi=n2+y2+x
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Fibonacci Numbers

T = t <t+log (n+l)

T < if n=0 then (x:=0. y:=1)
else if even n then even n A n>0 =T
elseoddn=T
oddn=T < n=m-1/2. t=t+1. T. t'=t
evenn An>0=T < n=nl2-1. t=t+1. T. t'=t
f'=t < n=x. x:=x2+y2, y:=2xnxy + y2

f'=t < nm=x. x:=2xxxy+y2. y=n2+y2+x
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Fibonacci Numbers

void P (void)
{ if@m==0){x=0; y=1;}
else if (N%2==0) {n=n/2-1; P(); n=x; x =2**y + y*y; y=n*n+ y*y + x;}

else {n=(n-1)/2; P(); n=x; x =x*x + y*y; y =2%n*y + y*y;}
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Towers of Hanoi

post B post C

disk 1
disk 2
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Towers of Hanoi

MovePile from to using <
if n=0 then ok
else ( n:=n-1.
MovePile from using to.
MoveDisk from to.
MovePile using to from.

n:=n+l)
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Towers of Hanoi — time

t=t+2n—-1 <
if n=0 then ok
else ( n:=n-1.
t=t+2n-1.
t=1r+1.
t=t+2n-1.

n:=n+1)
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Towers of Hanol — space

s'=s <
if n=0 then ok
else ( n:=n-1.
s:=s+1. s'=s. s:=s5-1.
ok.
s:i=s+1. s'=s. s:=s5-1.

n:=n+l)
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Towers of Hanol — maximum space

m=s = (m:= max m (s+n)) <
if n=0 then ok
else ( n:=n-1.
s:=s+1. m:=max ms. m=s = (m:= max m (s+n)). s:=s—1.
ok.
s:=s+1. m:=max ms. m=s = (m:= max m (s+n)). s:=s—1.

n:=n+l)
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Towers of Hanoi — average space

pi=p+sx(2n—1) + (n-2)x2n +2 <
if n=0 then ok
else ( n:=n-1.
si=8s+1. pi=p+sx(2n—1) + (n-2)x2n + 2. s:= s5—1.
D= p+s.
si=8s+1. pi=p+sx(2n—1) + (n-2)x2n + 2. s:= s5—1.

n:=n+l)
space
/\
5.8 (n—2)x2n + 2
D sx(2n — 1)

\ .
> time
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Towers of Hanoi — average space

pi=p+sx(2n—1) + (n-2)x2n +2 <
if n=0 then ok

else ( n:=n-1.

si=8s+1. pi=p+sx(2n—1) + (n-2)x2n + 2. s:= s5—1.
p:= p+s.

si=8s+1. pi=p+sx(2n—1) + (n-2)x2n + 2. s:= s5—1.

n:=n+l)

average space = ((n—-2)x2n+12)/(2n—1)

n+n/(2n—1)-2

Easier: p' <p + (s+n)x(2n-1)

average space < n
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Towers of Hanoi

MovePile <
if n=0 then ok
else ( n:=n-1.
s:=s+1. m:=maxms. MovePile. s:=s—1.
t.=t+1. p:=p+s. ok.
s:=s+1. m:=maxms. MovePile. s:=s—1.

n:=n+l)

MovePile = n'=n
A t=t+2n-1
A §'=s
A (m=s = m' = max m (s+n))

A p =p+sx(2n—1)+ (n-2)x2n + 2
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