Recursive Data Definition

example: nat

can be constructed by starting with 0 and repeatedly adding 1

construction axiom 0: nat
construction axiom nat+1: nat

T by the axiom, O: nat
= 0: nat add 1 to each side
= 0+1: nat+1 by arithmetic, 0+1 =1 ; by the axiom, nat+1: nat
= 1: nat add 1 to each side
= 1+1: nar+1 by arithmetic, 1+1 =2 ; by the axiom, nat+1: nat
= 2: nat and so on
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Recursive Data Definition

example: nat

construction axiom 0: nat

construction axiom

nat

nat

nat

nat

nat

0,1,2,3,4,5, .. ?
ey =3,-2,-1,0,1,2,3, ... ‘7

the rationals (7
the reals ?

0,05,1,15,2,25,3,35, ..

can be constructed by starting with 0 and repeatedly adding 1

nat+1: nat

(7
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Recursive Data Definition

example: nat

can be constructed by starting with 0 and repeatedly adding 1

construction axiom 0: nat

construction axiom nat+1: nat

induction axiom 0:B A B+1: B = nat: B

construction axiom 0, nat+1: nat

induction axiom 0,B+1: B = nat: B

construction axiom PO A Vn: nat Pn = P(n+1) < Vn: nat Pn
induction axiom PO A Vn: nat Pn = P(n+1) = Vn: nat Pn
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Recursive Data Definition

nat induction
PO A Vn: nat Pn = P(n+1) = Vn: nat Pn
PO v dn: nat- =Pn A P(n+1) < 3dn: nat Pn
Vn: nat Pn = P(n+1) = Vn: nat (PO = Pn)
dn: nat =Pn A P(n+1) <= 3dn: nat- (=PO A Pn)
Vn: nat (Nm: nat m<n = Pm) = Pn = Vn: nat Pn

dn: nat- (VYm: nat- m<n = -Pm) A Pn <= 3n: nat Pn
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phﬂOSOphiC&l induction: guessing the general case from special cases

(an important skill in mathematics)

phﬂOSOphiC&l deduction: proving, using the rules of logic

mathematical induction: an axiom (sometimes presented as a proof rule)

(mathematical induction is part of philosophical deduction)
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Recursive Data Definition

example: int

Define int nat, —nat

or 0, int+1, int—1: int

0,B+1,B-1: B = int: B

or PO A (Vi: int Pi = P(i+1)) A (Vi: int- Pi = P(i-1)) = Vi int Pi
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Recursive Data Definition

example: pow

Define pow = 2nat
or pow = §p: nat Am: nat p = 2m
or 1, 2xpow: pow

1,2xB: B = pow: B

or P1 A Yp:pow Pp = P(2xp) = VNp:pow Pp
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Least Fixed-Points

nat construction:

nat induction:

nat fixed-point construction:

nat fixed-point induction:

x 1s a fixed-point of f

grammar:

0, nat+1: nat

0,B+1: B = nat: B

nat = 0, nat+1

B=0,B+1 = nat: B

x =fx

Ny N

exp = "X", exp;"+"; exp

B ="%",B;"+";B = exp:B
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Recursive Data Construction

name = (expression involving name )

. Construct nameoy = null

namens+1 = (expression involving namey )

. Guess name, = (expression involving n but not name )

. Substitute o for n name« = (expression involving neither n nor name )
. Test fixed-point name«x = (expression involving name )

. Test least fixed-point B = (expression involving B) = names: B
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Recursive Data Construction
example: pow
pow = 1,2xpow

0. Construct
powo = null
powi = 1,2xpowog = 1,2xnull = 1,null = 1
powy = 1,2xpow; = 1,2x1 = 1,2

pows = 1,2xpowz = 1,2x(1,2) =1,2,4

I. Guess pow, = 20.n

20 ,..00 — 21’161[

2. Substitute o for n POW
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Recursive Data Construction

example: pow

pow

= 1, 2xpow

3. Test fixed-point.

2nat = 1, 2x2nat

nat 20, 21x2nat

2nat = 20 2l+nat

2nat = 70, 1+nat

nat = 0, nat+1

T
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Recursive Data Construction
example: pow
pow = 1,2xpow

4. Test least fixed-point

Dnat: B

= Vn: nat- 2n: B use nat induction with Pn =2n: B
— 20: B A Vn:nat 2n: B = 2n+1: B change variable
= 1: B A VYm: 2nat- m: B = 2xm: B increase domain
< 1: B A Vm:nat m: B = 2xm: B domain change law
= 1: B A Vm: nat'B- 2xm: B increase domain
= 1:B A Ym: B 2xm: B

< B=1,2xB
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Recursive Data Construction

Alternative step 0:  instead of null use

namey = whatever

Alternative step 2:  instead of name«x use

Sx: LIM n- x: namey,
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Recursive Specification Definition

zap = if x=0 then y:=0 else (x:=x—1. t:=t+1. zap)

solutions
(a) x20 = x'=y'=0 At =t+x
: (a)

b if x=0 then x'=y'=0 A ¢ = t+x else t'=x
(b) Y 7 \
(c) x'=y'=0 A (x=20 = ' = t+x) (b) (c)

o , , N7 N
(d) x'=y'=0 A if x=0 then ¢’ = t+x else t'= (d) (e)
(e) X'=y'=0 At =t+x N 7

®

(f) x=0 A X'=y'=0 At/ =1t+x

x20 = xX'=y'=0At =t+x < zap

zap < if x=0 then y:=0 else (x:=x—1. t:=t+1. zap)
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Recursive Specification Definition

zap construction
'zt < zap

if x=0 then y:=0 else (x:=x-1. r:=1+1. zap) < zap

nat construction
0: nat

nat+1: nat
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Recursive Specification Definition

zap construction
t'=t A if x=0 then y:=0 else (x:=x—1. t:=t+1. zap) < zap
zap 1nduction
Vo,o' 'zt A (if x=0 then y:=0 else (x:=x—1. r:=r+1. P)) < P

= Vo,0zap<=P

nat construction
0, nat+1: nat
nat iduction

0,B+1: B = nat: B
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Recursive Specification Definition

zap construction
t'=t A if x=0 then y:=0 else (x:=x—1. t:=t+1. zap) < zap
zap 1nduction
Vo,o' 'zt A (if x=0 then y:=0 else (x:=x—1. r:=r+1. P)) < P

= Vo,0zap<=P

zap fixed-point construction
zap = t'=t A if x=0 then y:=0 else (x:=x-1. t:=t+1. zap)
zap fixed-point induction
VYo,o' (P = t'=t A if x=0 then y:= 0 else (x:= x-1. r:=r+1. P))

= Vo,0zap<=P
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Recursive Specification Construction

zap = if x=0 then y:=0 else (x:=x—1. t:=t+1. zap)

zapp = T

zapr = if x=0 then y:=0 else (x:=x—1. r:=t+1. zapo)
= x=0 = x'=y'=0 A t'=t

zapy = if x=0 then y:=0 else (x:=x-1. r:=t+1. zap1)
= 0O0=x<2 = x'=y'=0 At =rt+x

zapn = O=sx<n = x'=y'=0 At =t+x

AP oo Osx<o = x'=y'=0 A 1 =r1+x
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Recursive Specification Construction

Alternative step O:  instead of T use

namey = whatever

Alternative step 2:  instead of name«x use

LIM n- namey,
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Recursive Specification Construction

zap

apo

api

ap?

aPn

ZapP«w

if x=0 then y:=0 else (x:=x—1. t:=t+1. zap)

if x=0 then y:= 0 else (x:=x—1. r:=t+1. zapo)

if x=0 then x'=y'=0 A f'=relse ¢’ = r+1

if x=0 then y:=0 else (x:=x—1. r:=1r+1. zap1)

if 0=x<2 then x'=y'=0 A ¢’ = t+x else ¢’ = t+2

if O=x<n then x'=y'=0 A f'=t+x else t' = t+n

if O=x then x'=y'=0 A '=r+x else t'=00
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Loop Definition

while-loop construction
t'=zt < whilebdo P

if b then (P. t:=t+1. while b do P) else ok < while b do P
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Loop Definition

while-loop construction
t'=t A if b then (P. t:= r+1. while b do P) else ok <= while b do P
while-loop induction
VYo,o =t A (if b then (P. t:=1t+1. W)else ok) < W

— Vo,0  (whilebdo P) =W

while-loop fixed-point construction
while bdo P = ¢t'=t A if b then (P. t:=t+1. while b do P) else ok
while-loop fixed-point induction
VYo,0 - (P = t'=t A if b then (P. t:=t+1. W) else ok)

— Vo,0" (whilebdo P) =W
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